| EFINS-65-98
|
HYDROMAGNETIC INSTABILITY OF THE MAGNETOSPHERIC BOUNDARY *

l. Lerche
| Laboratory for Astrophysics and Space Research
Enrico Fermi Institute for Nuclear Studies
University of Chicago

Submitted for Publication
November 19¢5

* This work was supﬁorted in part by the National Aeronautics and Space Administra-
tion under grant NASA-NsG-96-90.




HYDROMAGNETIC INSTABILITY OF THE MAGNETOSPHERIC BOUNDARY
I. Lerche
Laboratory for Astrophysics and Space Research

Enrico Fermi Institute for Nuclear Studies
University of Chicago

Abstract

We set up a simplified mognetohydrodynamic model of the interface
between the solar wind and the geomagnetic field on the tail side of the Earth. Using
linearized MHD theory the stability of this situation is discussed. It is shown that
unstable waves can exist which travel in the direction of the unperturbed field and
grow exponentially with time. The possible acceleration of particles trapped on the
magnetic field lines by such unstable waves is discussed in a qualitative manner.

[t is also shown that the shortest wavelengths are the most unstable
and that as a consequence the analysis should be repeated taking into account both
the finite thickness of the interface and also the finite radius of gyration of the

particles involved.
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I. Introduction

In recent years a great deal of attention has been paid to the geomagnetic
tail region in order to exrlain geomagnetic phenomena. In particular we may mention
a paper by Axford and Hines (19€1) which concems a unifying model of high latitude
geophysical phenomena.

There are two main reasons for this interest. The first is the need for o
mechanism which will produce aurorae continuously. The second is the need for a
mechanism which will explain geomagnetic bays and various irregular electron distri-
butions in the ionosphere.

One particular mechanism for producing particle acceleration in the geo-
magnetic tail has recently been proposed by Gold (1965). He assumes some form of
coupling exists between the geomagnetic field in the tail region and the solar wind.
As the solar wind flows past the field lines they experience a force which stretches
them in the direction of solar wind flow.

As the Earth rotates the field lines rotate and are no longer in contact
with the solar wind—geomagnetic field boundary layer. Thus they can ‘snop back!
into their original configuration with a corresponding energy gain by particles trapped
on the field lines. These particles can then be made to produce aurorae.

The main difficulty in Gold's model is that no account is given of
the origin and size of the coupling between the solar wind plasma and the geo-
magnetic field. It has been conjectured that the interaction could be some sort of
plasma or MHD.wave which corrugates the field lines and produces the required

effect.
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In this paper we propose to examine the stability of the interface between
the solar wind and the geomagnetic field to see if such unstable waves can exist.
We will restrict the discussion to the case where magnetohydrodynemics is applicable.
In this approximation the boundary layer is taken to be infinitesimal in thickness.
We are also interested only in the case where the wavelength of a disturbance is
much greater than an ion or electron gyro-radius. In a later paper the equilibrium
structure of this boundary layer will be discussed in some detail since it is possible
that the existence of a finite thickness layer can produce a dreg on the solar wind
and a stretching of the fleld lines.

In our simple model we straighten out the field lines as shown in Figure
1. We assume that on one side of the interface only plasma streaming with the
solar wind velocity occurs (region 11). We also take the direction of flow of the
solar wind to be parallel to the interface. On the other side of the interface
(region |) the plasma is assumed to have zero streaming velocity. The plasma in
both regions is assumed to be compressible.

2. Equations of Motion

In region | we let the equilibrium values of the streaming velocity,
magnetic field and density be ,u" ) ,.l'i' and (" respectively. In
| The

A

. . . o . Lt ] “ . n
region | these quantities take on the vaives 1 , 1, P .
Cartesian coordinate system is chosen with the Z-oxis normal to the interface

and directed from region | to region Il.

The actual interface, which we choose to be the plane is defined by

the unperturbed pressure condition
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Pt H;‘/(g,;) =P+ H.z/(@w) ) (1)

where F represents gas kinetic pressure,
We now perturb this equilibrium situation by means of an infinitesimal
disturbance. Then the velocity, density, pressure and magnetic field on either side

of the interface can be written

w = o+ (g5 0m)

where the subscript ‘0° represents equilibrium values on either side of this boundary.

For the present we will let L{-o and Ho be 2 -vectors in the (x,y)

plane and restrict them later to be vectors in the x-direction as depicted in Figure 1.
We now look for a solution to the linearized equations of motion

where all first order perturbation quantities which depend on x, y, z and time )t )

vary as

Fle) explibx +ikyrot) | (2)
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Should it transpire thanan &1 exists with a positive real part then

in linear theory the interface will be unstable.
Neglecting viscosity it can easily be seen that the linearized equations

of motion of the plasma can be written
po (D-M!E.gn)u,=-ik,S?—i_:‘_§zr(&xky_ky h,) ) 3)

eo (w-rik.%o)u— =-.‘ky$?+a (k ky-kyl\ ) (4)

where the prime denotes differentiation with respect to o , i€,

S?I = j'li.(s?) )cmol ,é' = (kx, k\/) °>‘

The linearized conservation of mass equation demands that
@*lh‘éﬂg(b =——(’o(€kxu+ikyu-+w-‘> . (6)

ut in the form




The solenoidal nature of the magnetic field demands that
. |
(kxhxhk,k,-il'\*-_-.o . (10)

Thus it appears as though the set of equations (3) through (10) is
complete. However this is not so since (10) can be derived from the induction
equation. Thus we need one more equation to complete the set. In particular we
require an equation of state which will relate the pressure changes to the
density changes.

This can be included in the above set if we let the plasma in regions

| and 1l be characterized by sound speeds C; and C 2

respectively,

Then an infinitesimal disturbance yields the equation of state
C 2
5 P=te § K (1
\

The set (3) through (11) is now complete and particular solutions to
the equations can be found once the appropriate boundary conditions are specified.
These will be discussed later in the paper once the general solution to the set

has been obtained.
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From equations (3) and (4) it can be seen that

~

, 41‘_(0(“*\&%0)(&,'4#&,\1-) -(lz,hy_k,l\,)(lzxuoy ‘kyHo,)= Kgp (12)

X
where for brevity we have written kx +k; = kl‘
Elimination of ~ §3  between (5) and (12) leads to

[(Q*’ih!\)l-k (k. !o )j(u"—k‘(u)'):(wﬂ\h%‘)z("hxu'gkyu,z uf“) (13)
b

where the Alfven velocity Vo is given by
fo.

o= Hofllamp) .

By making use of (7), (8), (9), (10), (11), and (13) it can eventually be shown that

(14)

Qkxuu‘kywu) [k"ful-*- (m{t. U*o)"_,_(kxx(’ )1J
= Corikth o+ (8 ) ((RK).2) (ke
> o)

& -direction,

A

A
where 4 is a unit vector in the

Use of (3), (4), (7), (8), (9) and (10) shows that

(iheo-thyw ) [ (il Uy (Vo]
(k,‘(o) ((hx,\!o) 24)(1 Rou st }eyu- ,.w‘) ‘

(16)
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. Substituting ka‘r '\\Ly u,) from (16) into (15) and re-arranging gives
(ikyusthyra Y Lk R U0k ) (b, )T (vt ) /
= (weihlhe )" [0rk o) 4 (K V)] !

(17)

Making use of (17) in (13) enables a differential equation for W™ to be

derived in the form

o [EHRE) (A2, ). 0 (ki) a3 |
(3
= Rur [mahkk;)(ﬂ,,h(w 1) + 27 (kxy, )* ]
)

(18)

where \Qo - W +‘v‘ k‘go *

The solution to (18) can be written as

n z
w= e 2<o (regionl) | (19a)

-, ‘
= Qze v >0 (veanav\ ll) , o

where n, and y\L are to be found from




~(Mk) =

-
(8 +RC G+ 1) + R (b1 )2
/af+h€.'t)(ﬂ} s ('ﬁ.VJ )1)“(1‘1(,5)(‘%,):_ %1—

(20)

and 5 = I’ A refers to equilibrium values in regions | or I1 respectively.
The physics of the situation demands that the disturbance field die away

as Z=—D3 pg since it is physically unreasonable that perturbations of the

boundary Z= ( con influence the plasma behavior increasingly as we

move away from this plane.

Thus only those values of W, and N,  are pemitted
which have DQ (h.) ?O and QQ (“?,)?O . If either h,l or
h;} is real but negative then we must ensure that fh'ﬁdisfurbonce in

the appropriate region is a purely progressive wave travelling away from the

boundary.

Thus if RQ (M) =0 then 4-""‘4(“]) >‘_ O according
as 60& (u) ?( (s} , and if QQ (M-,_):O then 75\4 (h1>)<00ccording

s fmiw)zo0,

Knowing the general solution to the equations of motion the
dispersion relation can now be detemined once the appropriate boundary conditions
are specified,

3. The Dispersion Relation

The appropriate physical boundary conditions which must be applied

in our case are:
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(7) the nomal component of velocity is continuous at the interface:

this condition leads to

wi- kU E = -tk T =03

o

where -§ is the infinitesimal displacement of the interface.

(i7) the nomal component of magnetic field is continuous across the
boundary. Using (i) it can easily be shown that this condition is automatically
satisfied.

(iii) the nomal stress is continuous across the boundary,

i.e.4ﬂ'(8?\'5fz) + Hhhl "‘Hl. L‘z =0 .,

e

Use of (1) in (19) yields

AR, = NN : @)

Use of (iii) together with (21) yields a dispersion relation which,

after a little algebra, can be put in the form

(2™ (23+ (kW)") + [ (Rt+ (kY )2) =0 @

By inspection of (20) and (22) it is immediately apparent that the
dispersion relation is exceedingly difficult to handle in full generality. Asa
consequence we will consider some simplifying circumstances. We assume that the
solar wind streaming velocity, M-‘_ , is everywhere parallel to H.

e,

and both are in the x-direction only. We further assume that the solar wind
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occupying region |l does not possess an embedded magnetic field and that the plasma
in region | does not have a streaming velocity, i.e. Hz =0 ﬂb\d u, = 0,

o A

4, Applications

Even with the above simplifications waves propagating in the (x,y)
plane at some general angle to the magnetic field are difficult to discuss. We will
therefore restrict our attention to two fairly simple coses: (a) Transverse propagation,
when k is perpendicular to Hi andalso to uz « (b) Parallel
o LN LS
propagation, when é is parallel to both HQ and gl
While these two cases are rather extreme it is felt that some general idea of the

conditions required for instability can be obtained by their consideration.

(a) Transverse propagation.

In this case we can write that

kW =0 hh=o; (Wi JSRUE, By

| -
A o

Since we also have that U, 1 X0 s “l it is a trivial matter to show that
e o

The dispersion relation can also be considerably simplified in this case and may

be written
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Qri=-fin . (25)

Upon squaring both sides of (25) and making use of (23) and (24) we see that

(25) becomes
ot = RCE(Q¥YY) ((J‘l‘(’:)
lprCer W)= pTGM ]

1
By use of (1) and also by letting CO = YP“/(" and

. (26)

assuming \( is the same in both regions | and 11, it can easily be seen
from (26) that the necessary condition for unstable transverse propagating waves

can be written

o< Pufpr < | + (1-3%) H* . @)

To obtain some idea of the numerical range of values allowed to CL/(‘,
o
we consider the case where T P| << H' so that the pressure balance

at the interface is supplied solely by the solar wind and the geomagnetic field.

. . ciodo..
Since the temperature of the terrestrial plasma does not much exceed 10" °K and

. . . o e e -2 -3
since satellite measurements in the tail indicate that | ~10 3 gm. cm

we can use the above approximation provided H| 2, <10 s n
We have already neglecied the interplanetary magnetic field which

is of this order so that we are justified in neglecting Xh'ﬂ compared with H,

since our calculation is only valid for such a case.
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Then

[
g F 2 ™ HI
ond we see that (27) becomes

o <ty < |+ @ ax) .

Setting Y= g/fS this condition becomes

o ((’1/(’, < .08

In effect this condition says that the transverse waves can be unstable
only if solar wind density is less than the terrestrial plasma density. While the
above condition is necessary for instability it is by no means sufficient since in
deriving (29) we squared (25) which introduces spurious roots. We can see from
(23) and (24) that if WY D thenboth W, and Ny are
positive definite. However in such a case we cannot satisfy (25) which is the
correct dispersion relation and hence we conclude that no transverse unstable
propagating waves can exist.

Let us now consider the case of propagation where the wave vector is

parallel to the magnetic field direction,

(b) Parallel propagation

In this case we can write

(28)

(29)
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E‘l\/‘ é..‘{‘ :)W, hAh\/. =0, K=

Since we still impose the conditions that u| =0 = Hl we have
g VN Laadl

" = (W+RYY (W CY)

- (30)
”l(Vt?*Cu‘) +kC? v

and

K+ (onkl)

' (31)

The dispersion relation can be written

(“zh. (U ﬁ\kub)l_; —b\l(;' (u1+kqv‘?) ' (32)

Squaring both sides of (32) and making use of (30) and (31) enables us to write that

Y (( - 1)-4--?‘(10 (.2 V,-C")-#v C‘r‘(q-ﬂl) V(V
(V.7+C,") ((z -M?)

-7/1‘2/, ? sA2

/'/ o'f(L + ZU v ( G
K VZ M V‘*:)(ﬁlf&;

~2:UC ?(V +2U C'.,a‘)+CZ(C?u¢ _Vf(cz__u-;)) o. ™
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where we have dropped the subscript on the solar wind flow velocity. For conven-

ience we have also set
\9: N/k 04'\0‘ V“:(’L/h .

It is well known that it is impossible to solve analytically polynomials
of higher degree than a quartic. Thus in order to proceed beyond this point we
must make a further approximation. The simplest situation to consider is the case
in which the terrestrial plasma is taken to be completely cold. While this is clearly
a gross oversimplification it does at least have the advantage of making the
polynomial tractable without reducing the physics of the situation too seriously.

Making this assumption we see that q = ¢ and we then have

?
== H ,(217) , (34)
As a result equation (33) becomes

97 0= ¥y) + 4iUT Y- V) <20yt [ UM B Y )o 2y gy + )]

- 4—0‘“6‘79,(“1-\4 C:Yd) Xk (u?‘q'q?{i(cz?‘u?_)) =0,

(35)

where use has been made of (34) in the form

\(V‘L= -?rC:‘ . (36)
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While it is possible to solve {35) analytically without making any further
approximation, the final values of ?. are algebraically so complicated
that further assumptions would have to be made at this stage about the relative magni-
tude of the various parameters in (35). We choose to proceed by making assumptions
about the size of various parameters and then find the roots of the quartic.

We will make the assumption that ¥ 0~ D> 2, . We expect
that o—  will indeed be much larger than unity in practice.

We then have to decide whether the ratio of the solar wind velocity to
its sound speed is small or large or the tail side of the Earth betweer the stand-off
shock and the magnetopause boundary. if we assume that the shock is strong and
remains so even well away from the sub-solar point then it can easily be shown
by a consideration of the Rankine-Hugoniot conditions that H7‘<< C;_?-.
However it has recently been pointed out to the author {Jokipii, 1965} that the
shock may be fairly weak at high latitudes. Should this be the case then we have
that the solar wind is virtually unaltered in passing through a very weak shock.
Hence we may have U 52 C?. . We will discuss each of these cases
in turn,

Let us first consider the case ¥ 0~ 222, and U< CL
In this case (35) becomes

xt +((.2Y(AC[') x3= x*-y (Y“C;D* ‘Vy"' -e, (37)

where

g: -?sz"x .
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The roots of (37) are given approximately by

Xop 22 [ 1004)) = (YU (38a)
ha /( 2 ) ‘?Cz\/(”‘/“*yt)) )

e *'/(/(m _') * 2C, /(/1!45’)—I) o

Of the four above roots it can be seen that only X, or x+ can give rise to

unstable waves. Consider first x' , then we have that

+Vli+¥?
o = 2kGY /(r vy )) /(,mw')) -

With this value of L it can easily be verified that

-
n =~k [n(o—x)"(uwux*))]&[l -~ XM 2 -('*ﬁ_j")) d (40)
Q) =) (¥+1V(148Y) Jiny

n‘ﬁé[kzx‘?uﬂhx‘))]%[l-f- i U vney)) (41)
YG e V')“')(I+-28"‘(I+\/(Mx’))) /(14 t

Erom (A and (A'l) respnri_'_ ‘ei we see that I% (k ) ) A and ‘2€ (h )n

as required by energy considerations.

From (39) it can be seen that the growth of the wave does not depend,
in this approximation, on the solar wind velocity and is determined purely by the
sound speed of the solar wind and the geomagnetic field. Likewise the phase

velocity of the wave depends only on the fact that the solar wind is streaming.
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While the above values satisfy {33} they do not satisfy {32) and hence we conclude
that this wave does not in fact exist. Let us therefore consider the other possible

unstable wave, namely that arising from . With as given by

Xq_ Xq_
(38b) we have that

W - ~2(;,kb"‘\/(@_&|) . UK .
X W, ,4.,'2;, ) (42)

With this value of ) it can ecsily be seen that

o bl | €0 (Vora)- - ‘U (43)
n I?[ '] [ ‘?fcz("(ﬂ)"(mw’)-,)))

Ny N 'e[’*zx‘z-ZfL./(ux’)]yL [ | - 2K (44
¥<,

With these values of the parameters we see that (32) is satisfied and hence the wave

exists and is unstable with a growth rate given by

Re(u) = l’((}‘ , (45)
2y =
\/(\/ Y 12 )

In the approximation we have made the wave's growth depend oniy on ihe faci

that the solar wind is streaming past the boundary of the magnetosphere.
It can be seen that the shortest wavelengths give rise to the most unstable
situation. However since this is purely a magnetohydrodynamic calculation we are

restricted to wavelengths much greater than a boundary layer thickness or a particle's
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n gyro-radius, whichever is the greater. So in order to discuss the instability properly,
. we should use the collisionless Boltzmann equation and take into account both the
parﬁcles) gyro-radii and the thickness and structure of the boundary layer.
Let us now consider the case where the solar wind is still supersonic so
that we can evaluate the roots of (35) under the approximations Yo >> 2

ond u))(z N

Under these conditions we see that (35) can be written

xtraixd- éx‘(H-Z%) -4ix( mx'é) ++4eX = (46)

where 'J: U(x OMJ - = C}M_zi

The roots of (46) are approximately given by

x=—t‘(l+ Czl(““-z)) (47)
gur 7/ °

to first order in CZL u"‘l since to zeroth order in C.Ll O(- < (4¢)
is a perfect quartic.

The point which we wish to make here is that, under the approximations
made, the phase velocity of the wave is neariy independeni of all parameters

except for the solar wind streaming velocity. We also note that in this case no

unstable wave exists in the limit of '>> CZ .
We have shown that in the limit of A <K< Cl or u >>CL

the magnetospheric and solar wind interface is unstable or stable respectively to
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parallel propagating MHD waves provided Yr>>2. - The region of
marginal stability, when U < O(CL) , will not be discussed since the
results are algebraically very complicated.

Despite the fact that the calculation is invalid for small wavelengths
we can see qualifa}fively how such unstable waves can cause particle acceleration.
We know that the real field times are not complete'y straight but, in at least one
model of the magnetospheric tail, they close in @ manner similar to that depicted
in figure 2.

Let us assume that the parallel propagation instability develops
simultaneously, or nearly so, on either side of the Earth. Then second order non-
linear effects will stop the growth of the wave and leave 'bumps' in the magnetic
field which will propagate in the anti-solar direction. They travel along the
field lines until appreciable bending of the field occurs when we assume the
bumps 'slide off' the field lines.

A particle trapped on a field line between two such bumps will be
accelerated by them provided its pitch angle satisfies the tropping condition
while the bumps travel to the 'slip-off’ region.

One of two things can happen to the particle: first it remains
trapped until the bumps disappear and then it can travel back aiong the field
line and mirror at a considerably lower altitude in the Earth's atmosphere than
the mirroring altitude before the bumps occurred; secondly, because of the gain
in parallel momentum, the particle may be able to 'squeeze' through a bump

and then follow the field line down to its new, lower altitude, mirroring point.
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In either case the mirroring altitude may be reduced to a height
where ionization can take place. If we have a sufficient number of particles to
which this happens then an aurora is produced.

While the above is only a qualitative prediction, once the equilibrium
structure of the boundary layer has been discussed it should be possible to place
this argument on a quantitative footing.

5. A _Comparison

In a recent paper by Fejer (1964) a similar MHD stability problem
to the above is discussed. However the conditions he imposes on either side of
the interface are different to those employed in the present calculation, We
will compare the results obtained by Fejer with those obtained here for a special
case: we suppose there exist parallel magnetic fields of equal magnitude on
either side of the boundary between fluids of identical acoustic properties,

i.e. C;:Cz)‘ Hl < H‘L .
In such a case we see that the dispersion relation for parallel propagation

(‘27 -co) can be written

", [(MH&U)I-} F'Vl] +“‘[U1+klv‘-] =0 ) (48)

where

. b1 l ') LT
" - (w+BV) (4R CY) e

WUV CY) ¢ RWICH
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At = U“’*—«’W )zlk’V?J):‘(m{hu)ﬁ k’C"‘]
(wrikU) (v'4c?) +R71/C?

(49b)

Writing 9 = - k‘*r , we see that upon squaring both sides of (48) we have
CE DIV U VR (Ui )]
=) L[C‘-(u-«r)‘_] [vicx w‘(v’+c“)] ) (50)

An inspection of this equation shows that the oot wr= |/  becomes a double

root when

uJ‘—V'-‘- w=U+ Vc
Jvi+c)

or

S (51)
C = V(u-v)(aVu-u?) ,

which is identical to Fejer's condition (13). For instability we require V>f‘(c) u)
where -f- (C) (,() is the function detemined from (51).
The pretence of a double root in the square of the dispersion relation
is clearly seen to be the requirement for marginal stability. Thus in this case
we see that our analysis and that of Fejer are identical.
A second case considered by Fejer is that where C; = CL but
the equilibrium magnetic field is taken to be perpendicular to the boundary and

of equal magnitude on both sides. It is difficult to see how such an equilibrium
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can be maintained since the flow of plasma parallel to the interface on one side will
cause a shearing cf the magnetic field which should be included in describing the
equilibrium situation.

While realizing that Fejer's calculation only aimed to show how an
unstable situation could develop we feel that the choice of parameters made in this
paper prqbobly give a better approximation to conditions in the magnetospheric tail
near the interface than those presented by Fejer.

6. Conclusion

Using an extremely simplified model of the solar wind-magnetosphere
boundary in the geomagnetic tail it has been shown that unstable parallel
propagation modes can arise when magnetohydrodynamics is assumed to be valid.
The most rapidly growing mode is shown to be that with the shortest wavelength.

It is demonstrated qualitatively that such waves can give rise to
particle acceleration and as a consequence may be a contributory factor in auroral
érodu"cfio'n. .

The main conclusion, which we wish to emphasize, is that both the
above analysis and Fejer's calculations can aid only as indications of the correct
situation since we are lir;nited to wavelengths much greater than a boundary layer
thickness and a particle's gyro-radius. Thus the argument should be repeated
using the Vlasov equation and taking into account the equilibrium structure of
the boundary layer.

We also wish to point out that short wavelength plasma instabilities
are probably capable of producing the coupling between the solar wind and the

magnetospheric boundary required in both Axford and Hines' and Gold's models.
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Certainly the calculations based on linearized MHD equations indicate that processes
occurring on a scale length of a boundary layer thickness or a gyro-radius are
candidates for producing such a coupling.
This work was supported in part by the National Aeronautics and Space

Administration under grant NASA-NsG -96-90,
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Figure Captions

Figure 1. The equilibrium model.

Figure 2. Particle acceleration mechanism,
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